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Mathematical Modeling for the Detection of Fish by an
Airborne Laser

DAVID L. MURPHREE,* CLAYBORNE D. TAYLOR,T AND RONALD W. MCCLENDON{
Mississippi State University, Mississippi State, Miss.

To assess the feasibility of an airborne remote sensing laser system for fish detection, a mathematical model
was developed and solved which incorporated the physical interactions involved in the process of laser transmission
through the air/sea interface and ocean environment. For a circular laser beam incident normal to the ocean surface,
the power density was determined beneath the ocean surface as a function of surface roughness (wind velocity) and
depth. Using the principle of electromagnetic reciprocity, the power reflected from submerged targets and detected
at the airborne receiver was determined. The results from the developed mathematical model, using input parameters
of presently available equipment and estimates of fish school density and reflectivity, reveal that the power received
at an airborne detector from fish reflected incident laser radiation and the signal-to-noise ratio (S/N) are of
sufficient magnitude to locate fish schools with an airborne remote sensing laser system.

I. Introduction

HE recent advances in high-powered lasers operating in the
blue-green part of the optical spectrum have led to the
possibility of the development of an airborne remote sensing
laser system for detection and quantification of objects sub-
merged beneath the ocean surface. The incident laser radiation
would be reflected from the submerged objects and detected at
an airborne receiver. Such a system would enable location,
identification, quantification, and assessment of fish resources.
An aircraft cruising at 160 km/hr while illuminating a 75-m
width transverse to the flight direction would search 12 sq km
of ocean surface per hour. A 500 pulse/sec laser, illuminating a
circular area on the ocean surface of 1 m in diameter per
pulse, would thoroughly cover the 75-m width by employing 31
pulses while sweeping the laser beam transverse to the plane’s
flight direction. The maximum beam angle with respect to the
vertical would be 13.8° for a 500-ft altitude. It is necessary to
maintain the laser beam diameter on the ocean surface no
larger than approximately 1 m in order to maintain a high-power
density. The distance between the center of each surface circular
illuminated area would be 2.5 m in the transverse direction and
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2.7 m in the direction of flight. Underwater beam spreading due
to refraction by the distribution of surface facets would insure
complete coverage of the underwater regions under investigation.

II. Analysis

In order to determine the power density distribution beneath
the ocean surface when it is illuminated by a collimated beam
of monochromatic light, certain convenient considerations are
made. In general, the development followed for the underwater
power density is that presented by Swennen.’

The ocean surface is considered to be described in terms of a
probability distribution of local slopes. Using a Gaussian
distribution modified by a Gram-Charlier series to include the
effects of wind direction and velocity, Cox and Munk? obtained
the following empirical relationship for the statistical distribution
of slopes on the ocean surface:

e~ & +nhi2
pla, f) = [1-3C24(&— 1 —5Cosln® —3m)+
2no, 0,
F3Cao(E* ~ 687 +3)+3C2o(E — D~ 1)+
24Coalr* —61°+3)] 1)

where )
‘= tan fsin (x— V) (2a)
O
_ t_an pcos(a—"¥) (2b)
Oy
o2 = 0.003+0.00192W (20

6,2 = 0.00316W (2d)
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Co3 = 0.04—-0033W (2f)
Cao =040 (2g)
Ciy =012 (2h)
Cos =023 (2i)

with f the angle formed by the line of steepest ascent of the
elementary facet and its projection onto the horizontal plane, o
the angle formed by the foregoing projection and the plane of
incidence (o =0 is directed toward the laser source), 6, the
angle between the incident laser ray and the z axis, ¥ the
angle between the wind direction and the plane of incidence
with the y’ axis pointing towards the “wind-source,” and W the
wind velocity in m/sec. Figure 1 presents the geometry of a surface
facet and a refracted incident laser ray. The angle u is formed
by a ray refracted to the point of observation by the surface facet
under consideration and the z axis, and the angle v is formed by
the projection of this refracted ray onto the horizontal plane and
the y axis. Because of limitations inherent in the method used
for obtaining this distribution function, its range of applicability
is limited by the following restrictions:

|d<25 (3a)
Il <25 (3b)
W < 14 m/sec (3¢)

The incident beam is considered to be cylindrical with a uniform
power density P, incident on the ocean surface at an angle 6,
with the normal. The radius of the beam circular cross section
is designated as a.

The surface transmittance depends not only on the angle of
incidence but also on the incident polarization. Since there is a
distribution of surface facets there is hence a distribution of
incident polarizations. The surface transmittance is thus approxi-
mated by the average of the transmittances for parallel and
perpendicular incident polarizations

T=(ty+1)2 )
where 7, is the transmittance for the incident electric field parallel
to the plane of incidence, and 7, is the transmittance for the
incident electric field perpendicular to the plane of incidence.

For the angle of incidence w; and angle of refraction w, the
surface transmittance is?

1 sin 2w; sin 2w, 14 cos? (w; —,)
TT2 2 (w;+w,)

In the limit of normal incidence the foregoing becomes
T = 4n/(n+1y (6)

where n is the index of refraction of sea water, n = 1.33.
As the laser radiation propagates through sea water it is both

absorbed and scattered. The power density P(r) at a distance
rin a collimated light beam of power density Py atr =0 is

P(r)=Poe ™ 0]
where y is the volume attenuation coefficient equal to the sum
of the volume absorption coefficient and the total volume
scattering coefficient.

Since there is a distribution of continually varying surface
facets, one may neglect the phase differences that occur and
simply add the power contributions for elementary surface
facets. The total power density at the underwater point of
observation is thus obtained by adding the contributions from
all refracting elementary facets contained within the beam cross
section. Therefore, integrating over the beam illuminated facets
yields the power density at a point (uo, vo, z) beneath the surface
due to normally incident laser radiation on the surface

T w2
Pultio, vo, 2) = J do J dfTPoexp(—7y|z| sec p)

—-n o
COs w; sec @, €08 A p(a, f)tan Bsec? ff (i, v) 3]

)

cos? (w;— w,)

where
COS A = COS {1 COS o+ Sin p sin o cos (v — vg) (9a)

o Surface Facet

Underwater Point

Fig. 1 Coordinate systems for a surface facet and the underwater
points of interest.

cosw; = cos g cos f—sin By cos o sin (b)
cosw, = (cos® w;+n*—1)"3/n (9¢)
cos u = (cos Oy + kcos B)/n (9d)
cotv = cota~sin fo/(k sin a sin f3) (%)

k = (sin Oy cos asin f—cos B cos i)+
[(sin 0y cosasin f—cos By cosf)> +n*— 1712 (91)
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vo—sin~ ' (a/|z|tan o) [z{tan o > a
<
Vom=1 jeltan o < a i)
vo+sin~ ' (a/lz/ tan pe)  |z|tan o > a
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Hmin = tan =1 (x~ lz]) l2| tan o > a )
Pemax = tan~ ' (x*/|z]) (%k)

x* = |z|tan o cos (v—vo) £
[a® —(|z| tan po)*sin® (v—vo) ]2 (91)
The coordinates (uo, vo, z) locate the point at which the power
density is calculated underneath the water surface. The depth of
the point beneath the water surface is given by z and the angles

1o and v are referenced to the center of the laser beam circular
cross section on the water surface, as indicated in Fig. 2.
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Fig. 2 Underwater point at which power density is calculated referenced
to the center of laser beam on water surface.
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Transmitter,
Antenna #1

A/Wind

Receiver
Test Dipole,
Antenna #2

Fig.3 Airborne transmitting antenna and underwater receiving antenna.

Equations (8) and (9) are for normal incidence of the laser
radiation on the ocean surface. The values for gy, and fynax
used differ in form from those given by Swennen.! The form of
Umin and g, derived by Swennen required double precision in
the computer analysis to obtain the desired accuracy, while the
forms employed in the present analysis give sufficient accuracy
employing single precision.

To determine the power reflected from the underwater targets
back through the ocean surface, electromagnetic reciprocity is
used.* The form of the electromagnetic reciprocity principle
applying to antennas is: If an arbitrarily located antenna (called
antenna 1) is driven by voltage V and thereby produces a short
circuit current I in an arbitrarily located receiving antenna
(called antenna 2), then using antenna 2 for transmitting by
driving it with voltage ¥ and using antenna 1 for reception
results in short circuit current I being induced in antenna 1 by
antenna 2. The configuration considered is shown in Fig. 3.
Antenna 1 is the antenna above the water located at the position
of the airborne laser and detector, and antenna 2 is located at
the position of the underwater target.

The electric field produced by antenna 1 at a distance r; from
the antenna, E‘l‘i‘,‘“ , may be expressed as*

rad
exp(—jk-ri)h;(u, v) (10)

where 2 is the radiated wavelength, I,™d is the antenna current,
o = (1t0'/e0’)/? is the intrinsic wave impedance of the ambient
medium, uy’ and &y’ are the permeability and permittivity of the
medium, respectively, j is (— 1)/, k is the vector wave number
kk with k = 2n/2, and h;(u, v) is the complex effective vector
length for antenna 1. Considering r; to be the path length of the
radiated beam from the source to the ocean surface, the incident
power density at the ocean surface is
Lo 12 |hy(m— 0, m)- k?

. . (11)

The electric field produced by antenna 1 at antenna 2 in terms
of the incident power density Py(iio, vo, z) of Eq. (8) is

Lol

Eﬁ?rll = ] B

/:J'l

1 -
P, = E rad -k 2 _
° 72 [Erme-H 82 r

Eo| = (2[Py)"?
[Baf = P 1
= (200 Pa/m)"
where
L= (u/e)? (13)
is the intrinsic wave impedance of the water and
Lo = {flea’/eN? = n{ (14)
since the index of refraction n is
n=(we)*(po'eo)' ? (15)
and
to' ~ i (16)
The open circuit voltage at antenna 2 is
V2" = hyE»/(2)"? (17

AIAA JOURNAL

where h, is the complex effective vector length for antenna 2.
A factor of 1/(2)"/? is introduced to account for the distribution
of polarizations incident on antenna 2.

A mutual impedance between antennas 1 and 2, Z,,, may be
obtained

Zyy = Vo1, (18)
and from the foregoing
{olhihal [ Py \2
Zig|= "7+ 19
| 12‘ 2/ry \2nPgy (19)

If the test dipole (antenna 2) is now used for transmission and
antenna 1 is used for the reception, then according to the
reciprocity theorem applied to antennas

V"] = [Z1al 127 (20)
The power density at antenna 1 is now

_Lligr
P =5 |Ei @n

where E, is the electric field produced at antenna 1 by antenna 2.
However,

2 1/2 V,o¢
I, = & |h|1|1__l
22
:.CO_lh_zl & l/zll rad| ( )
2/ry \nPy z
and therefore
4 P

We may define an equivalent target surface area, A4, from
which the underwater target reflects the incident power density.
Also we define an average surface reflectance R, for the target.
Then the power reflected from the target located at (uo, vo, 2) is

P{ﬁ{),vo,z) = Rt Al Pd(HOv Vo, Z) (24)

Considering the energy reflected back toward the air-sea inter-

face from the target located at (uo,vo,z) to be distributed

isotropically into 27 steradians, then the power density of the
reflected radiation above the underwater target, Prf(r), is

Prei(y) = R, A, P,/2nr* (25)
where r is the distance from the target to the point in question.
Also

1
Pref(r) = 2;4' 'Ezradtz

(26)
L R
82 r?
Therefore
4)°R, A, P 27
)2 (|2 = Jali (27)
and, from Eq. (23), the power density at antenna 2 becomes
RA([Ps T
Pi=——|—=| P 28
! 2nry 2 [PJ ° (28)

Two inherent assumptions are made in applying the reciprocity
theorem to obtain the power return from an underwater target.
It is assumed that the power is scattered from the underwater
target in the power pattern of a dipole antenna in the region
above the target with no power scattered in the region below
the target. The axis of the dipole is perpendicular to the direc-
tion of incidence. It is also assumed that the power is received
by the receiver above the water with the same directivity as the
transmitter system. In other words, only those scattered rays
that egress through the illuminated spot on the ocean surface
are considered to contribute to the received power.

The power received by a receiver above the ocean surface is

prec = P A, (29)
where 4, is the effective antenna receiving cross section. It is

more convenient to express Eq. (28) in terms of the power output
of the radiator (laser) above the ocean surface. Since
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P = pdf(na®) (30) 10%
where pr2d is the radiated power, then §
p_ Rid [ET o an C 5%  Kilowott
27t2r,2¢12 P, | W=5m/sec.
and z=lm y-ozm

2
R, A4, A, I:Pd(,uo'vo,iq pmd (32)

Plio,vorny =
H0D-V0.2
o-vo 21%r, 2a? Py

Equation (32) is the power received at the airborne detector
from an underwater target located at (u,, vo, z) where the power
density of the incident laser radiation is given by Eq. (8). A
summation must be performed over all underwater points
(io, vo, z) to obtain the total power received at the airborne
detector. To obtain this summation the underwater target area
for a constant z is divided into a series of successive concentric
circles, beginning with a circle of radius R,. The center of each
circle is located directly below the center of the laser illuminated
circular region on the ocean surface. The radius of each successive
circle is given by

R,=nR,, n=123,.. (33)

The concentric circles form a series of annuli, the area of each
annulus given by

annulus area = n(R,+ 12— R,?) (34)

The ratio of the annulus area between two successive circles of
radius R, and R,+ to the area of the inner circle of radius R, is

T(Ru+ 1 2 an)

ratio = R, (35)
or
. w[(n+1*Ry2—n?R, %]
ratio =
7R,? (36)
=2n+1
The area of the nth annulus is therefore
A, = (2n+ 1A, (37
where
Ao = nR,? (38)

The underwater surface area of constant z can therefore be
described in a grid pattern as shown in Fig. 4, where each
grid element is of equal area AA, equal to the area of the inner
circle, Ag.

The power received at the airborne detector from targets within
a grid element located at (uo, vo, z) is given by Eq. (32) in the
form

2
- R,eAAA, [Pd(/to, vo, Zj} prad (39)

Pigo.vo. 2y =
fo-ve 2n%r, 2a? P,

Fig. 4 Underwater target grid pattern.

Underwater Power Density,% (p.o,uo,z).(wmts/mz)

10 I i L 1 i "l

0 0.2 0.4 086 [oX -] 1.0 12

Distance From Beam Cenferline (Meters)
Fig. 5 Underwater power density distribution.

where ¢ is the ratio of the equivalent target surface area in the
grid element of area AA located at (uo, vo, z), from which the
underwater targets reflect the incident laser radiation, to the grid
element area AA, ie.,

A = eAA (40)
The underwater power density Pu(uo, vo, z) for each element

AA(po, vo, z) is determined at the centroid of the element at a
radius r, from the center of the inner circle, i.e.,

R,, 2 R"2 1/2
,":<A%> n=123,.. (1)

with
ro =R, /(2)'? (42)
Summing Eq. (39) over all grid elements which contribute to
the total received power gives the total power detected by the
airborne receiver scattered off the underwater targets. The
criterion employed to determine the “cut-off” for the summation
was to cease the summation at the outer annulus from which
the power detected from that annulus was below the noise level of
the detector.

III. Results

The power density at a point (g, vo, z) beneath the ocean
surface is calculated with Eq. (8) and the power received at the
airborne detector from targets within a grid element located at
(io, vo, 2) 1s calculated with Eq. (39). The total power received
from target reflection is obtained by summing over all targets,
or grid elements, which contribute to the total received power.
The “cut-off” employed was 1078 w (10% of the minimum
detectable power of an RCA C21117C 40 mm SIT camera tube,
but approximately the minimum detectable power of some
photodiodes). Only laser radiation incident normal to the ocean
surface was considered in the present analysis. For normal
incidence, the y' and y axes of Fig. | can be considered to
coincide; ie, ¥ = 0.

Table 1 presents the input data employed for the calculations
of Figs. 5-10. The system parameters, such as laser power and
receiver area, were based on presently available equipment
suitable for incorporation in an airborne remote sensing laser
system for fish detection. The ratio of target area to grid area,
¢, was based on the density of fish in a menhaden school.
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Table 1 Input data

Laser power (pd) 1 kw
Beam radius at water surface («) 0.5m
Grid element area (A A) 0.0314 m?
Ratio of target area to grid area (¢) 0.5
Target reflectivity (R,) 0.05

Receiver area (A,) 0:13 m?

The power density distribution is plotted in Fig. 5 at three
depths for vo = 0° and v, = 90°, i.e., in the direction of the wind
source and perpendicular to the wind source. A wind velocity of
5.0 m/sec and a volume attenuation coefficient of 0.2 m~! (clear
coastal water) were used. The underwater power density curves
are terminated at the distance from the beam centerline at which
the received power at the airborne detector is below the “cut-off”
of 10~ # w. Only at the outer regions of the power density curves
is there any appreciable difference between Py(uo, vo = 0°, z) and
P(p0, vo = 90°, z). Because of this, and also since these outer
regions have lower power density and therefore lower reflected
power than regions closer to the beam centerline, the underwater
power density for a given distance out from the beam centerline,
for a constant p, and constant depth, is taken to be the average
of Py(o, vo = 0°, z) and Py{uo, vo = 90°, 2), ie,,

Ao, vo = 0°, 2)+ Py(uo, vo = 90°, 2)
2

This approximation greatly reduces the amount of computer time
required to determine the received power at the airborne detector
and introduces no significant error.

The power received at the airborne detector is presented in
Fig. 6 for three wind velocities W and two altitudes of the
receiver above the ocean surface, h (for the laser radiation
incident normal to the ocean surface, h = ry). A volume attenua-
tion coefficient, 7, of 0.2 m~! was used in the calculation.
Figure 6 is more general than it appears since it is not restricted
to the altitudes of 100 ft and 500 ft nor to the laser output

P
Paluo, vo, 2) = 43)
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Fig. 6 Received power at airborne detector from underwater targets.
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Fig. 7 Dependence of received power at airborne detector from under-
water targets on volume attenuation coefficient.

power level of 1 kw. The received target reflected power at any
altitude h and for any laser power p™d can be obtained by
multiplying the power received at 100 ft for a 1 kw laser by
{[100 (ft)/h (ft)]* prd (kw)}, as can be seen by examining Eq. (39).

As shown in Fig. 6, for a laser power level of 1 kw and the
input data employed, the received power at the airborne detector
is greater than the minimum detectable power level of the RCA
C21117C 40 mm SIT camera tube for any altitude less than 500 ft
and any wind velocity less than 10 m/sec for targets located to
10 m in depth. For a photodiode receiving system having a
minimum detectable power level of 10 ° w, the airborne detector
altitude could be higher and/or the targets located at a deeper
depth. Increasing the laser output power above 1 kw would
increase the received power for a given target depth or increase
the depth of a detectable target for a given detector altitude.

The importance of using a laser wavelength for which a mini-
mum value of the volume attenuation coefficient is obtained is
illustrated in Fig. 7. The larger the volume attenuation coefficient,
the more rapid the decrease in received power with increasing
depth. For example, for a wind velocity of 5 m/sec and an aircraft
altitude of 100 ft, there is a decrease of almost 3 orders of
magnitude in the received power from a target at a depth of 10 m
for a y of 0.4 m~! as compared to the received signal from
radiation witha y of 0.1 m~ . Similar to Fig. 6, the power received
by the airborne detector plotted in Fig. 7 can be scaled for any
altitude and any laser power.

For obtaining maximum depths in fish location, it is therefore
more important to sense the spectral characteristics of the water
under examination and tune the laser to the desired wavelength
than to employ a very high power laser which can operate at
only a fixed wavelength. The functional dependence of the reflec-
tivity of the particular fish under search on the laser wavelength
must also be considered to determine maximum returned signal.

The underwater spreading of the laser beam due to surface
refraction for three wind velocities is illustrated in Fig. 8. The
region to the left of each curve is the zone which contributes
to the total received power by the airborne detector, above the
“cut-off ” of 1078 w, at 100 ft altitude. Figure 9 illustrates an
airborne view of the variation of the “zone of target detectability”
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Fig. 8 Underwater beam spreading due to surface refraction.

with depth for a y of 0.2 m ™!, a detector altitude of 100 ft, and a
wind velocity of 5 m/sec. Figures 8 and 9 illustrate that fish
detection, at a given depth, occurs over a greater area than the
area of the ocean surface illuminated region.

The zone of target detectability increases with depth until the
exponential nature of beam power attenuation significantly
decreases the beam power density. For large y, the beam power
loss due to attenuation rapidly decreases the spreading of the
target detectability zone and target detectability depth. Figure 10
illustrates the variation of the zone of target detectability with
depth for various volume attenuation coefficients. This illustrates
again the need for tuning the laser to the wavelength for minimum
volume attenuation coefficient.

h=30.5 m (100 ft)
p"’d = | Kilowatt
0.2m’!
5 m/sec.

1.5m

Fig. 9 Aircraft view of the zone of target detectability for various
depths.

Distance From Beam Centerline (Meters)

Fig. 10 Effect of volume attenuation coefficient on zome of target
detectability.

1V. System and Signal/Noise Considerations

A pulsed laser, for maximum power output, and a gated
receiver with appropriate filters and spatial arrangement for
preventing overloading of the photocathode of the detector,
capable of near elimination of surface reflection saturation and
reduction of underwater backscatter, is required. The laser must
be tunable in the blue-green spectrum to optimize for minimum
laser attenuation and maximum fish reflection. The gated receiver
must be capable of detection of very low power levels (~ 1077 w)
in very short time durations (~ 1078 sec).

A receiving telescope system would gather the reflected laser
radiation from the underwater targets. After reception by the
receiving telescope, the radiation would be filtered by an optical
spectrum analyzer, narrow-band filters, and spatial filters.® All
naturally occurring radiation and {luorescence would be filtered
out which does not occur at the laser wavelength being
transmitted by the interferometer and filter system. Any trans-
mitted visible light fluorescence and transpectral effects would be
too minute to contribute significantly to signal noise.® The trans-
mitted light would then be detected with a photodiode or photo-
multiplier, with the detected signal displayed on an oscilloscope
or chart recorder.

Ultra-sensitive avalanche photodiode detection modules with
a noise equivalent power (NEP) of 5 x 10~ ? w are presently state-
of-the-art. Employing a receiving telescope with an 8-in.
aperture, the minimum detectable power density at the airborne
receiver is 1.5 x 1077 w/m? for such a photodiode system. Gated
photomultipliers and diodes are very sensitive and provide an
output that is ideal for the time delay measurements required.
They will also provide slant range to the target when used in
conjunction with an oscilloscope (“A” scope) or a “Beta scan”
display. With an “A” scope the time delay between laser pulse
initiation and reception is a direct measure of the slant range to
the target. With a “Beta scan” the targets appear in slant range
but there is also an indication as to their angle off the perpen-
dicular to the axis of the aircraft.
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An estimate of the total laser power backscattered due to
volumetric scattering’ from a grid element A4 located at
(1o, vo, z) with differential thickness dz is

d(Apy) = AAPy2n j e 7 o(0)sin0do dz (44)
w2
where 6(0) is the volume scattering function and is related to the
total volume scattering function s by

5= 27rj a(6)sin6 do (45)
0

Equation (44) does not take into account the laser beam
dispersion caused by the distribution of refracting elementary
water surface facets, and therefore will result in an over estima-
tion of the backscattered power that will be received at the air-
borne detector. This follows since the refracting elementary
surface facets reduce the power density at each grid element AA
beneath the illuminated surface region below the value of a non-
refracted beam (Fig. 5). Also, since the underwater power density
is much less at grid elements outside of the illuminated surface
region than for grid elements beneath the illuminated surface
region, the major grid contributors to detector received back-
scatter are those beneath the illuminated surface region.

In general, the volumetric scattering is predominantly in the
forward direction, characterized by o(6) being sharply peaked
about # =0, with o(0) approximately constant in the back
direction, 7/2 < 0 < n. Thus we may consider’

o(0) ~ b/2n, n2<0<mn (46)
where b is the backscatter coefficient defined as

b= 27[J o(6)sin 0dO 47
w2

Measurements of the backscatter coefficient have been made
by Tyler.® For certain Pacific Coastal and offshore water Tyler
obtained that b ranged from 0.0063 m~! to 0.000847 m~'. In
these measurements Tyler used signals that were bandwidth
limited by a Wratten No. 57 filter (peak transmittance at
about 522 nm with a halfband width of about 80 nm). Since the
scattering of light in the ocean is predominantly due to trans-
parent biological organisms and particles large compared with
the wavelength of light, the magnitude of scattering is virtually
independent of wavelength.®

Substitution of Eq. (46) into Eq. (44) yields

d(Apy) = AAbPy e 7 dz (48)

The total volumetric backscattered power from a grid element
AAlocated at (o, vo, z) with thickness Az is obtained by integrat-
ing Eq. (48) between the limits z and z+ Az, yielding

e'yz___e*ylzi-Az)

Apy = AAbPy—— (49)
i

Now Pge ' can be approximated by Pu(uo, vo, z), retaining
the overestimation of Ap, beneath the illuminated surface region.
Further assurance of an overestimation of the volumetric back-
scatter is that the total volume element A4 Az is considered to
contribute to the backscatter with no reduction due to fish being
in this zone. Therefore

Apy = AAbP, (o, vo, Z)(

- (50)
y

For the gated receiver, the volumetric thickness Az is determined
by the receiver gate time.

The power reflected from the targets located at (uo, vo, 2) 1s
given by Eq. (24). Thus with Eqgs. (24) and (50), we have an
estimate of the signal reflected power to the noise reflected power.
Under the stated approximations, Eqgs. (24) and (50) are valid for
all the grid elements at a given depth. Consequently, an under-
estimation of the S/N for volumetric backscattering at a given
depth z and slab thickness Az, is

S/N = ¢R, (y/b)/(1 — e~ 7% (51)
For Eq. (51) the targets have been assumed to be near the top

of the volumetric backscattered region of thickness Az, which can
be experimentally achieved by proper receiver gating.
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Tyler experimentally measured values of y/b ranging from 112.8
for near-shore waters to 152.3 for offshore waters.® An estimate
of the worst case of S/N can be obtained by considering Az to be
sufficiently large so that 1 —e ™47 x 1, Using the values of ¢ and
R, given in Table 1, the worst-case estimate of S/N is

3=sS/Ng4 (52)

It is within the state-of-the-art to gate the receiver so that Az

can be on the order of 3 m.® Backscatter from depths above

and below this 3 m slab is gated out. For a 3 m gated
underwater slab, the underestimated S/N range is

35<S/Ng<I2 (53)

A higher fish density and higher fish reflectance than used in
the previous calculations will yield a higher S/N. Since the
spectral reflectance of fish is wavelength dependent,'® proper
tuning of the laser to increase R, from 0.05 to 0.10 would
increase S/N from 12 to 24. For cases when fish turn on their
sides or in a belly-up position during schooling, such that the
silvery underside increases the reflectance, S/N will likewise
increase.

In addition to the filtering of naturally occurring radiation
and the gating and filtering technique to eliminate surface
reflection and reduce volumetric underwater backscattering,
circular polarization techniques'!''? can also be employed to
further reduce underwater backscatter and increase S/N above
the minimum values given above. With further advances in
transmitted laser power, the ratio of received signal to detector
shot noise will also increase.”

V. Conclusion

The results from the developed mathematical model, using
input parameters of presently available equipment and estimates
of fish school density and reflectivity, reveal that the power
received at an airborne detector from fish reflected incident
laser radiation and the S/N are of sufficient magnitude to locate
fish schools with an airborne remote sensing laser system.
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